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Abstract. We study the inverse backscattering problem for the Schrodinger equation in two 
dimensions. We prove that, for a non-smooth potential in 2D the main singularities up to 1/2 of 
the derivative of the potential are contained in the Born approximation (Diffraction Tomography 
approximation) constructed from the backscattering data. We measure singularities in the scale 
of Hilbertian Sobolev spaces. 



1. Introduction 

We consider the inverse scattering problem for the Schrodinger operator H = — A + q(x) , with a 
real-valued potential q(x). The scattering solution u = u(k,9,x) associated with the energy k 2 and 
the incident direction 9 is defined as the solution of the problem 

[ (—A + q — k 2 )u = , 



„ikx- 6 



(i) 



where the function u s satisfies the outgoing Sommerfeld radiation condition, which means, for a 
compactly supported potential q , that u has asymptotics as |x| — > +oo 

u{k,e,x) = e lkx -° + C\x\^ L k^e ik ^A{k,e,e l ) + o(\x\^r) , (2) 

where 6' = rfr . The function A(k,9,9'), x € K , 9 , 9' in the unit sphere S" 1-1 , is called the 
scattering amplitude or far-field pattern. 

The outgoing resolvent operator for the Laplacian is given, in terms of the Fourier transform, by 

We obtain the so-called Lippmann-Schwinger integral equation by applying the outgoing resolvent 
to (D 

u s (k, 9, x) = R k (q(-y k ^ e )(x) + R k (q(-)u s (k, 9, -)){x) . (3) 

The key operator in the above integral equation is 

T k (f)(x) = R k (q(-)f(-))(x). 

There are several a priori estimates for R k that allow us to prove existence and uniqueness of 
Lippmann-Schwinger integral equation. Usually, Fredholm theory applies and everything follows 
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from compactness arguments, the Rellich uniqueness theorem and unique continuation principles, in 
the case of real- valued potentials. The solution can be obtained in several situations (these cases do 
not require q to be real) by perturbation arguments, assuming that the energy is sufficiently large, 
k > ko > , where fco depends on some a priori bound of the potential q . As an example, we may 
consider compactly supported q £ L r (K") for some r > f . In this case, the resolvent operator R k is 
bounded from L p (M. n ) to LP (R™) with the norm decaying to as k — > oo when | — y = j , see [A"] . 
KRS and see also |Rlj . This together with Holder inequality proves that for big k the operator T\. 
is a contraction in LP and then existence and uniqueness of solution of ([3]) easily follow. 

Once the scattering solution is obtained we may prove that the far-field pattern can be expressed 

as 

A(k,9,9')= [ e- ik9 ' *q(y)u(k,d,y)dy, (4) 
see [ER2j where this is used as a definition for the non-compactly supported q. 

The Born series of q is obtained by inserting the Lippmann-Schwinger integral equation in (|4|) 

oo 

A(k, 9, 9') = q(k(9' -9))+J2 Q%l){W - 9)) , (5) 

where 

0fiq)(k(9> - 9)) = f e-> k6 '-y{qR k y~\q{-y k6 ^){y)dy. 

We deal with the backscattering inverse problem, for which one assumes the data with the direc- 
tion of the receiver opposed to the incident direction (echoes), i.e A(k, 9, —9) . The inverse problem 
is then formally well determined. The unique determination of q by the backscattering data is an 
open problem. Local and generic uniqueness have been proved by Eskin and Ralston ER2| , see also 
0. 

In this case, we obtain the Born series for backscattering data 

oo 

A(k,9,-9)=q(0+J2QM(0, (6) 
where £ = —2k9 and the j-adic term in the Born series is given by 

QM(0= I e^-y(qR k y- l (q(-)e^){y)dy. 
We define the Born approximation for backscattering data as 

qS(0 = A(k,9,-9) 

where £ = ~2k9 . 

The approximated potential qs is the target of Diffraction Tomography. In this paper, we study 
how much information on the actual potential q can be obtained from qs ■ We are able to prove that 
the main singularities of q and qs are the same up to derivative. 

A procedure to obtain this recovery of singularities from Diffraction Tomography is to give reg- 
ularity estimates for the j-adic term in the Born series ©• The first of these estimates in 2D was 
obtained by Ola, Palvarinta and Serov, sec [OPS , concerning the quadratic term Q2 and was im- 
proved by Ruiz and Vargas, see [RVJ, who obtained the mentioned l/2~ gaining of derivative for the 
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quadratic term. Nevertheless for q in the Sobolev space W 11,2 with s > 1/2, the known estimates for 
the term Q3 in the Born series are not sufficient to assure that q — qs G W a ' 2 for a < s + 1/2. To 
achieve this we prove the main result of this work. 

Theorem 1. Assume that q is a compactly supported function in W s ' (M. ) , for < s < 1 . Then 
Q 3 (q) G W a ' 2 (R 2 ) + C°°(R 2 ), for any < a < s + 1 . 

This theorem, together with the Ruiz and Vargas estimate for the quadratic term and their 
estimates for the general j-adic term with j > 3, allows us to claim 

Theorem 2. Assume that q is a compactly supported function in W s ' 2 , for < s < 1 . Then 
q- q B eW a > 2 + C°° , for any a G R such that < a < s + \ . 

We expect each term in the Born series (O to win half a derivative with respect to the previous one, 
claiming the conjecture Qj(q) € W^ a ^ 2 (R 2 )+C*°°(M 2 ) , for all aj G R with < aj < {j > 2) , 

provided that q is a compactly supported function and q G W S ' 2 (R 2 ) , < s < 1 . We address this 
question in a future work. 

The results in this paper and in |RVj could be extended for non-compactly supported poten- 
tial assuming an appropriate decay at infinity. To simplify the matter we reduce ourselves to the 
compactly supported case. 

Section 2 is the main one in this paper. We prove theorem[2]in Section 3. In Section 4, we include 
some lemmata often used in Section 2. In particular, lemma B~4l is essential in order to get estimate 



Constants. We use the letter C to denote any constant that can be explicitly computed in terms 
of known quantities. The exact value denoted by C may therefore change from line to line in a given 
computation. 

Notation. We will use the following notation for the Hilbertian Sobolev space and the homogeneous 
Hilbertian Sobolev space, respectively: 

W s,2 = {fe jj/qjw) : (1 + j . | 2 )f /(.) e l 2 } , 

yys,2 ={f e V'(R n ) : D s f = J- 1 ( I • | s /(-) ) e L 2 } . 

The expression |£ — r| ~ 2~ fc |?7| means that 2 fc 1 1 | < |£ — r| < 2~ fc+1 |?7| . In this work \ 
denotes the characteristic function of the set {77 G M. 2 : \n\ > 10} . The letter M denotes the Hardy- 
Littlewood maximal operator. We denote the one-dimensional Hausdorff measure in R 2 by a . Let 
??, f G R 2 \ {0} . We write 



r(r?)HxeR 2 : x -l=*±\, (7) 



2 



2 



referring to the circumference centered at ^ and radius ^ and 

A(0 := {i£l 2 :('(i-()=0} (8) 
denotes the line orthogonal to £ that contains the point £ . 
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2. Proof of theorem [TJ 

The cubic term in the Born series for backscattering data is given by 

QTS)(0:= / e ik6 -y(qR + (k 2 )) 2 (q(-)e ike -U)(y)dy, 



for any £ G R 2 , where £ = — 2k8 , that is, k = ^ and 9 — — 4r . From lemma 3.1 in |R2j . this term 
can be characterized by the following: 

Proposition 2.1. For any rj £ R 2 \ {0} 

Q3(q)(v) =P- V 



+ 2—p.v. 

\m 



K ■ (r? - €)] [r-(v-r)] 

q(0q(v - T )q( T - 



d£dr 

da(0dr 



\v\ 2 Jr(r,) Jr( v ) 



m)Q(V-r)q(T-Oda(T)da(0 



Notation. For any r\ £ R 2 \ {0} , we use the following notation: 

Wfa) : = "Qa / I q(Oq(V-T)q(T-Z)da(T)da(0, and 



M 2 Jr(r,) Jr(r,) 

Q"{q){ri) := —p.v. / r da{Qdr . 

\V\ JvJr( v ) r-(rj-r) 



(9) 



(10) 



In fact, we are going to prove that 

Q'{q) , Q"{q) e vf«- 2 (r 2 ) + c°°(r 2 ) 

for any a such that < a < s + 1 . 
2.1. Estimate of 



Let us split the set r(?7) x T(r/) into the two regions: 

KV) ■■=[^r)£T(r 1 )xr(r 1 ):\C-r\>^ 

im ■■={&T)£T{r l )xr(r 1 ):\Z-T\<^ 

In this way, we can write Q'(q) = Q'j{q) + Q'u(q) , where 

1 



and 



\w 



mq(v-r)q(r-0 da{r)da{S,) , 



i(v) 



for any r\ £ R 2 \ {0} , and an analogous definition for Q'jj(q)(ri) . We will prove that 



f- 1 (xQta)) 



< cilqWhWqWw"-^^ 2 > and 



< 



C{e) (| 



q\\LA\q\\ 



ife>0,0<a + e<2, where C(e) is a positive constant depending on e 



<i\\l* \\q\\fra,-l+e,3 



(11) 

(12) 
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Proof of estimate (jlll) . We know that II \rj) C II < (rj) U 77>(?7) , where 

II<(r,):=U,T)en V )xr(r,):\t-T\<^,\t\,\T\< + ^ h| , and 

n>(v) - { (4» 6 r ()7 ) x r ( „) : |£ - r | < ^ , |, - - T | < ( f + -L) |,| } 



By taking the change of variables = 77 — £ , r' = 77 — r , by Fubini's theorem and the symmetry 
property (£, r) € H>{rj) <^> (r, e H>(v) > we nave 



QWtffa) <2Q' //> (g)(r 7 ), 



(13) 



where {q){rj) := ^ J J II>(v) \q(€)q(v - r)q{r - 01 <M T )<M0 . Applying the Cauchy-Schwartz 
inequality to the last expression and by the properties of the region 77> we may write 



[xQ'uAq) 



\m 



2a 



dr\ 



< 1 \m 



w "- 2 J{v-\v\>m 

2 ' lf M)\ 2 [ \q{v~r)\ 2 da{r)d^)F{ V )d V 

where X := { V G R 2 : \ V \ > 10} , F( V ) = J / r(??)xrw \q(r' - i')\Ha(r')da^') mid O 
1 - ^ + ) . Wr know ! hat 



(14) 



{(77, G R 2 x K 2 : M > 10 , £ G rfa) , |£| > C 2 hi} 
C G K 2 x K 2 : |£| > 1, M < , rj G A(0} , 

and by lemma I4.1[ we may change the order of integration and estimate expression (| 14[) by 

J{CeK 2 :|CI>i} 141 Ja(X) Jv{n) 



<C\\q\\h 



\2a-2 



, | , ,V\ / \q(v-r)\ da(T)da(T))d£, 

UGR2:|«|>1} 141 J SHC Mv) 



(15) 



where 0(0 := {?? G A(0 : |t/| < C^lCl) , and we have used the inequality ^(77) < C\r/\ \\q\\ 2 L 2 ■ Let 
us see the last inequality. If we widen the curve T(?7) until 1^1(77) := |r e I 
by part 1) of lemma we have: 



(v) < c\n\ 






t- 2 




M 




' 2 




2 



< 1 



}■ 



F(rj) <C / M?(r - O drda^') < C\\Mq\\ 2 L2 a(T(ri)) < C\ V \\\q\\h , 
Jr( v ) Jr 1 (r l ) 

where the last inequality follows from the boundedness of Hardy-Littlewood maximal operator in 
L 2 (W l ) and Plancherel identity, since the measure of T(rj) is tv\t]\ . In the same way, 

/ \q( V -T)\ 2 da(T) <C [ \Mq( V - r')\ 2 dr' < C [ \Mq(x)\ 2 dx < C\\q\\ 2 L2 . 
Obviously, if r\ G 0(0 then |£| ~ \q\ . Expression (fl~5j) can be bounded by 

r \m\ 2 

'{«€R 2 :|«|>1} l4l 

So we have proved estimate pT|) . 



ch\\h I _ ^\e a - 2 *(m)dt<c\\ q \\uw\\%^ 



□ 
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Proof of estimate (|12l) . Taking the change of variable r = r\ — r 1 , we have 
1 



q(0<i(v - r')q{r' ~ da(/)da^) 



1 

w 



m,T)er{ v )xr( n y.\$-{ v -r)\>^} 



Notice that if \rj\ > 4 we can write 



[log 2 |7/|] 



100 J 

where for any k £ Z such that 2 < k < [log 2 |??|] we denote: 



fc=2 



/, ! ,/) := { (£, r) £ r(„) x r(r?) : |£ - r| ~ 2"^, |£ - („ - r)| > M 
:= { € r(„) x r(r?) : |£ - r| > M |£ - fa - r)| > M 



:= (f,r) G r(r?) x rfa) : |£ - r| < 1, |£ - (77 - r)| > 



covers the set of £ , r such that 1 < |£ — r| < 



'/I 



For each k £ {2, 3, ...} we define 

Q'l k (q)(v) : = X{r ) :| t ?|>2'=}( ? 7) 



l«K)«W«(»»-r- C)I^)^(C): 



J* fa) 



and the same expression for Io(rf) , Ioo(rj) , but with X{^ : |r;|> io}( ? ?) • F° r an Y M > 10 , 



+00 



and then to prove (fL2"l) we use 



fc=2 



fa) + Q'jjq)(v) 



fato^ <52wm\ 



w> 2 



I O/o (?) II 



I0L(«)I 



fc=2 



Let e , a be real numbers with e > . For each k £ {2, 3, ...} we claim 

ll^^ll^^c^-^lkll^lkll^-i^lkl 

Assume < a + e < 2 . Then we claim 



\Q'iJi)\\ 



< 



C\\q\\ L * (Nl 



.IMI 



^•a-l+e,2 



IMMMI 



and 



ll<4(<?)IU«,2 <C|M| L 2||g|| i-2 ||g|| 



(16) 



100 



Note that cases k = and k = 00 are needed since the union from k — 2 to fc = [log 2 only 



(17) 

(18) 
(19) 



In the following, we use the notation in lemma 14. 4| which is the key of the proof of the above 
claims. 
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Proof of claim (H). We take Afo) = I l k (r?)U P k (r?) , where/, 1 ^) := {(£,t) € / fe (r?) : |r - r?| > ^} 
and 

100 



:=U^T)€/ fc (»y):|r-»/|< 



For each j G {1,2} , let us define Q' J j{q){r]) in the obvious way multiplying by X{n:\ri\>2 k }{'n) ■ By 
Cauchy-Schwartz inequality, and for \q\ > 2 k , j g {1, 2} : 

&J$M<A[[[ \q(m(r)\ 2 do-(r)da(0 I I \q{i! - r' - C)\ 2 da{r')da{£)\ . (20) 
h \v\ 2 \J Ji i{v ) J JiKn) J 

Let us begin with Q' r i(q) ■ By lemma B~2l we have 

|g(03(r)| 2 dcr(r)da^) < C||g||£ 2 / |g(r)| 2 da(r) , 

where * fe (r/) := |r G T(r/) : |?j - r| > 2 - T ^ zi j ■ Since \-q\~ 2e < 2~ 2ek and by lemma ETTI 



IQ'/iO?)!' 2 



<C-2-^\\ q \\l 2 [ |r y |2«-4+2 £ /" W)] 2 d(j{T) f f W{v _ T ,_ e)l 2 d(j{T , )d(j{ndT1 



2 T 



l9(r)| 



n fc (r) J J/ fc (>7) 



2 



= C ■ 2-^\\q\\i 2 ^-f*(r) dr < C • 2^ fc ||g||i a || g ||^_,_ 2 ||g||^ _ 1+ ., a , 

where the last inequality follows from part i) of lemma l4~4l with C\ — and F k (j) ,f2fe(r) are 
defined in P~Tj) . (IQl) . 

We can bound the term Q', 2 (<z) (*?) in a similar way. Firstly, we estimate the factor 

|g(C)g(r)| 2 d<7(r)^(0 

by C\\q\\\ 2 fe k[v) \m\*MZ) > wh ere * k ( V ) := {£ € rfa) : \ v - £\ > $L 2- k \ V \} , by using lemaEJ 
as above. In order to estimate the expression ||Qr2(g , )|| 2 ; /Q 2 as before, we proceed similarly so that 

k '* ' 

the variable £ now acts just as the variable r before, obtaining that 

WQ'iADWl^ < C2 ~ 2£k Ml* J r2 ^(Ode < C • 2- 2£fe ||g||l 2 ||g||^_ ,, 2 ||g||^ a _ 1+ ., a , 

where the last inequality follows from part i) of lemma l4~4l with G\ = . 



□ 



Proof of claim (fT5|) . We split the set Ioo(v) ^xiv) (where |t| > 1) and I^ij]) (where 
\t\ < 1). Let us denote Q' } (q)(i]) in the obvious way, for j = 1,2. In order to estimate the 
Sobolev norm of Q'^ (g) , j — 1,2, we apply Cauchy-Schwartz inequality as in (|20p . by lemma 
IL21 for J^(ry) , we may do \q(r) - £ - r')| < CM^ry - 2r') , since |£' - r'| < 1 , and for J^(t?) , 
1*7(77 — £' — t')\ < CMq(rj — t') , since |£'| < 2 , we bound the integral involving by lemma E3~2l 
leading for 4, (77) to J j n , , Mq{r 1 -2T l ) 2 da{£)d(j{T') < C J r( } Mg^- 2r') 2 dcr(r') (the same with 
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Mq(rj — t') , for /^(ry)), change the order of integration in r , r\ by lemma [4TTI and finally, by parts 
ii) and m) of lemma l4~4l (provided that < a + e < 2) we get 

\\Q'nJq)\\% a ,, < C\\g\\h (\\q\\ 2 ^Jq\\% a - l+ .,, + and 
\\Q' ISo (q)\\%^ < C\\q\\U\q\\ 2 w ^, 2 U\ 2 Wa - 1+ ^ , 
respectively. 

□ 

\n\- 



Proof of claim (fTOl) . We also split the set io( ? ?) into Ig(?7) (where \rj — t\ > '-j-) and Iq(t]) (where 
Note that on the region ^(r?) , 1 77 - f | > ^ 



1 77 — r| < ^-). Note that on the region Iq(tj) , |7y — £| > ^ holds. In both cases we apply Cauchy 



Schwartz inequality in the same way as in the previous cases, bound |<?(0| 2 (f° r loiv)) or l<7( r )| 2 
(for Iq(t])) by the maximal operator by lemma [4721 change the order of integration in the variables 
t , r\ , for Iq(t]) (in the variables £ , 77 , for Iq{t])) by lemma B~T1 and finally, by part i) of lemma B~4l 
with fc = 1 and C\ — \ , we get 



110^(9)11^ <C||g||| 2 |k|| 2 . _i, 2 ||g||^_ 1+e , 2 , i = l,2. 



□ 

Hence by estimates (fT7|) , (|18|) and ([T9| we can write 

l^ 1 (xQK9))||^, 2 < ^FTY (ll9ll^-J, 2 |l9llw- 1+ ^ + IMMIffll*.-f + ...) . 

and we have proved (|12p . 

□ 

To obtain the non-homogeneous Sobolev norm we proceed as follows. By lemma 14.21 q € 
W~( 1_E )> 2 (K 2 ) holds for < e < 1 , and replacing a by in (JTTJ) we get that 



T 



4 (xM)ei 2 (K 2 ). 



Note that estimates (JTTJ) , (JT5J) and (fT!?)) remain true if a = (assuming that < e < 2 to guarantee 
the estimate (jj"8]l ). Hence J 7-1 (xQTGz)) G L 2 (R 2 ) . It follows that 



Q'(<?) = J^ 1 ((1 - X) W)) + T~ X (xmq)) 



where the first term is a function belonging to the class C°° (R 2 ) , and the second one is in W a ' 2 (K. 2 ) 
ifO<a<s + l — e (with < e < 2 arbitrary, provided that s < 1 ), that is to say, if < a < s + 1 . 
So, we have finished with the term Q'(q) . 



2.2. Estimate of Q"{q). 



The singularities of the integral (|10l) are those points r in the plane such that r • (77 — r) =0, that 
is, the set r(7y). So, we decompose the plane in an annulus containing r(fy) and its complement. 



INVERSE BACKSCATTERING FOR THE SCHRODINGER EQUATION IN 2D 



9 



Next, we decompose the first annulus in diadic coronas and try to treat the corresponding integral 
terms. Let 

/n in on / [log 2 l^?l] - 2, if M > 16, 
7V:=max{[log 2 |?7|]-2,l} = i 

{ i, if \m < 16. 

Let jo be the lowest integer such that jo > —1 — log 2 (<5o) , with So from lemma l4~5l (see the appendix). 
We define the sets 





v 


\v\ 




- 

to 


2 



r,-(r/) :={re 



:={re 



>2-i°- 1 \r l \}, 

<2-^ 1 hl}, 





V 


\v\ 




T 

2 


2 





V 


|-3_ 




T 

2 


2 



<2}, 



(21) 



with jo < j < N. If j > jo it is true that j < N 4^ |ry| > 2 J+2 (for |?7| > 16). So, we also define for 
jo < j < oo : 



Qy(9)fo) :=x(l»7l)o 



dcr({;)dT , 



(22) 



where \ = X[2j+ 2 ,+oo) j and the obvious notations for Q'^iq)^) , Q'f_ (q)(rj) without the character 
istic function. Since R 2 = (jjL, ^(77) U r^fa) U IV - (77) , for any 77 e M 2 \ {0} , it follows that 

N 00 



Q"(q)(v) = Q"-(q)(v) + E Wiv) + = + E («)(»/) + OSo («)(»?) 

Jo ' J Jo J 

3 = Jo j=3o 



It is easy to see that 



<C\\q\\hh\ 



(23) 



Bound of the corona terms. 

By Minkowski's inequality, we have 



00 



3=30 



W- 2 



3=30 



3=30 



If j > jo and r e Lj(?7), |r • (77 — r)| > 2 J 3 |t7| 2 , from where we deduce that 

|0^)(r/)| <2^ 3 X(2J+1 , +oo) (M) 1 f [ |g(0g(T7-r)g(r-0l <M0<^ 
J v 2 y M J Jr n -(n)Jr(v) 



It follows that 



IV; fa) C {r e 



<2-^ 1 |77|}, 



2' '2' 

hence, applying the key lemma H751 with 5 = 2~ 3 ~ 1 , we know that there exist <5o > 0, j3 > 1 and 
C > so that for any j 6 N satisfying 2~ J ~ 1 < <5q (that is, j > jo), we have that 
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where e > satisfies < a + e < 2 . We can write 

oo oo 

Ell-^xOjfe)) 



The series YlTLj 2 _J ^ _1 ) converges because j3 > 1 



(iMMkl 
(lklU»lkll^-f a + ll9l 



< c ^ 2 -^-i) 2 3^ ||g||#a _ i+£2 

J=Jo 

= C||g| 



2 

L 2 



(24) 



Bound of the singular part close to T(rf) . 
We are going to prove the estimate: 

W^ix&Mw^ < c \h\\vh\U-i., + h\\h } Ikl!*.-^ > 



(25) 



for a constant C > depending on the support of q , and provided that < a + e < 2 . Up to now, 
we have avoided the singular region T(rj) . The domain r oo (?7) contains it. In order to calculate 
the principal value of the integral on Too (j/) , we integrate on two rings whose radial distance to the 
singular circumference is e > and pass to limit when c-)0 + . We write: 



Q«, («)(»?) = A lim 



where 



\v\ <=->o+ \Jr+( v ) Jr-{ V ) J Mr,) r • (?7 - r) 

1^1 



da(£)dT , 



(26) 



r+fa) := {t G M : e < 
17(77) := {r G K 2 : e < 



\v\ 



< 2} and 
<2}. 



Let us take the change of variables r' = </>(i"), t G T e (rj), that sends r to its symmetrical point 
t' G r+(ry) with respect to r(ry) on the radial direction with centre at | . We have 

t - 2 

t' = t)-t+ \r)\ - 

T - 2 

A straightforward calculation leads up to the following identities: 



n 



M 

2 



N 

2 



|D^(r)| =1 + 2. 



|^(r)-r|=2(M 



hi 

2 


T - 2 
' 2 




' 2 





r)-fa-#T)) = (^ + |0(r)-H).( 



2 



r • (r? - t) = ( y 



T 

2 



2 



T 

2 



(27) 
(28) 
(29) 

(30) 



Taking the change t' = 4>{t) in the first integral in (|26|) . we get 



r+(„) ./r(„) t 7 • {v ~ t') 
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g(Ogfa - ^(r))g(0(r) - 



(r) • (r, - 0(r)) 



/rr(»?) ^r(,) 
Then we have (g) (77) 

5(03(»?-^(r))?(^(r)-0 



lim Inl 1 



lim I77I 1 



|7^(r)| 



3(C)«(»7 - T )q( T - 



cj){T) ■ {q - 4>(r)) ' ' T'(r}-r) 

mq(v - 0(r))g(^(r) - - $(0«(»? - r)g(r - 



da(Odr 



q(Oq(v - T )9( r - 



l§l 2 - 0(r)-3 



|£>0(r)|dff(OdT 



\D<t>(r)\da(OdT 



q(Oq(v - T )q( T - 



r.(r,)JT( v ) |2|2_ 0( r )-2 

9(0 [$(»? - 0W)g(0(r) - - - r)q(r - £)] 



lim I77I 1 



III 2 



|D0(r)|d«7(O«iT 



da(£)dT 



q(0q(v - T )q(j - 


■0 






)' 





™Mv) (lII + Wr)-f|)(M 



t - 2 
' 2 



=: lim (7^+71+71), 

where we have to keep identities (f2~T)) . ([25)1 and (|30p in mind and also 
1 1 2 



r-fo-r) (|2| + WT )_2|)fj2L + 



lil 2 - 0(r)-3 



For (77! > 10, the terms 7|, 7| may be upper bounded by a term like 

|«(£)9(*7-r)?(7--0| 



T- 2 
' 2 



^(9) fa) : = xfa) 



da(£)dT. 



(31) 



'rjc^^rw I '/I 

If one replaces the characteristic function x of the set {77 € M 2 : \r]\ > 10} by the characteristic 
function of the complement of a bigger ball our proof for theorem Q] remains valid. In (1311) if we 
replace \ by the characteristic function of the set {77 G R 2 : |t7| > r} , with ret such that r > 
(for <5o from lemma then J(q)(rj) < Q"(q)(r)) holds, according to the notation from lemma B~5l 
(since 2 = -r^r [77) < — |?j| and r oo (r/) C Ti (77) ), that is, we may apply lemma l4~5l with S = - (< S ) 
and get that there exists a constant C > such that 



\\J(q)\\w° 
On the one hand, 



< C 



(iMMMI 



W~2 



Ml 



(32) 



If = _L[ [ 9(0 [ gfa - 4>{r))q{4>{r) - fl - gfa - r)g(r - Q ] 



III 2 



+ 



(77) Jr(,) 



[2] 

9(0 [ 9fa - 4>{r)m4>{r) ~ - <?fa - r)g(r - ] 2 




T — 


'/ 

2 


III 2 - 


0(r) - | 


2 


T - 


u 

2 





da(0dr . 
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If re IV (77) and \r)\ > 10, 



< 



\v\ 






2 


2 




T — 


2 




T - 


') 
2 





< 1. 



That is, 



3 



r e -(r,) Jr(Tj) 



\mm-r) 


-0 [Sfo- <^)) 




?(<7 - T )] 1 








2 






in 2 - 


- § 







■ da(£)dT 



iTM Jr(77) 



l$(0$(»7 - r) [g(0(r) - - < 






lil 2 " 


0(r) - § 


2 





=: Mq)( V ) + Mq)(v)- 

The term Ji(q)(rf) may be bounded by Calderon estimate (see Section 2 in [H]): 

- < C (M(V/)(z) + M(V/)(y)) |z - y| a.e, 

provided that / G W rl ' p (M n ) := {5 G I>'(M™) / V.g G L p (R n )} , for some p > 1 . So. by ([H) we 
attain that 



[M(V«)fa - 0(r)) + M(V?)fa - r)] |«(O«(0(r) - 01 



da(t)dT 



= :C(J 1 (g)(r?) + J 1 2 ( < z)(r 7 )). 
Let / := M(Vg) . It holds 



■#(?)(»?) = 



it to) ^r(n) 



< 



M 
1 

\v\ \Jr+( v )Jr( v ) 



f(v- 


r')\q(0Q(r'-0\ 










' 2 





|£><TV)l<M0^' 



/(r?-rO |$(0§(^ -01 



da^)dr' 



+ 2 



r+(r,) Jr(r,) 



/(^-r')|g(0?(r'-OI r -f, 2 



1 2 



' _ 21 _ M 

, _ , drr(Z)dr' 



(33) 
(34) 



The second integral ([54]) is bounded by 



K(q)(r,) := 



rt(rj) Jr( v ) 



f(v-T')\g(0<i(T'-0\ 
M 3 



da{£)d T ' 



Applying remark to lemma 14.51 with 5 = - (where r is defined in page II 1 [) , and by lemma 14. 3[ we 
have 



HJ-- 1 ( X Jf( 8 )) ||^, 2 <C|MI 



\\Q\\^\\f\\l^ + h\\ W -iAf\\L^ + \\f\\L4Q\\L' 



< c 



The integral (|33j) is bounded by a positive constant multiplied by 

f(v-r')\q(0<l(r'-0\ 



(35) 



roo(»)) Jr(r,) 



|r?| 5 



dcr(C)dr' . 
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By lemma 22] and lemma POl the bound (|55j) works for jjj 7 1 (xK'(q)) 



w- 2 



too. So we have 



1 (xjRq)) 



< C 



w- 2 



Wa-l + e,2 



(36) 



It holds 



Ji(d)(v)<C 



M(Vq)( V -r)\m\Mq(T-0 



ir-(r,)Jr(ri) \V\ 

since if r € r~ (77), then |0(r) — r| < 4 , and by lemma |4~2I |g(^(r) — £)| < CMq(r — £) , for a certain 
constant C > . By lemma 14.61 and lemma 14. 3[ we have 



1 ( xJ ^) IL, 2 - c ( + Ml*-*-'" 9 "" ) H«ll 



This last estimate and lead up to 



< c 



|g|| L 2|Mlvi/=-l + e,2 



In a similar way, by Calderon estimate, lemma 14721 using that \q(rj — r)| < CMq(rj — 4>(t)) , remark 
to lemma 14.51 lemma 14.61 and lemma 14.31 we may write 

ll^ 1 (x jfiti) \\w«- 2 < c ( h\\h + Ikll^-j^llglU" ) NU- 1+ e, 2 , 

and conclude that 

\\F-HxQZM))\\w°<,* ^clWF-^xMvi) Ww^ + WF-^xMq)) \\w~* + \\J(q)\\ 

IkllLlkllw— 1+«,2 + Ikll^-i.slklUHkll 



< c 

provided that < a + s < 2 . 



\ W a-l+e,2 



It is true that Q"{q) = T 1 (Jl — x] Q"(q) \ + J- 1 [x Q"(q)j > where the hrst term is a function 
belonging to the class C°°(R 2 ) , and the second one belongs to W^"' 2 ^ 2 ) taking e = s + 1 — a in 
([23")) . and (US]). By lemma I4T2I g G W^- 1+e < 2 (R 2 ) (for < £ < 1) and replacing a by zero in 
(23), (23]), (2SD we get that J^- 1 (xQ"(g)) e i 2 (R 2 ) . 

The remaining principal value term in (9j can be treated in a similar way. We do not include 
the proof to avoid tedious repetitions. To control those terms close to singularities we proceed 
similarly as we did for Q'^iq) , compensating signs and using estimates for second differences. We 
have finished the proof of theorem Q] 

□ 



3. Proof of theorem [2J 

In order to avoid the control of the remainder term in the Born series, the following proposition 
gives, modulo a C°° function, the convergence of the Born series in W a ' 2 , for a < s + h . 

Proposition 3.1. Let q G W s ' 2 be a real-valued compactly supported function for < s < 1 . 
Assume that Co > 1 . Then, for any a£l such that a < s + g : 

WQMWw*.* <C(s,a)\\q\\ L 4q\\^ 2 A(s, q ,j), (37) 
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where Q 3 {q) = J" -1 (x*QM) , X* (0 = if \£\ < Co , X* (0 = 1 if \Z\ > Co , 3 



> 4 and 



Ca 



C~ 



2«C *\\q\\w„ a , ? /0< S <i 



2C 8 ||5||ws,2 



if I < s < 1 . 



Proof of proposition \3J\ We follow the lines of proposition 4.3 in |RV] . We lose some reg- 
ularity in return for the gain of decay as a negative power of Co . We write Rg(k 2 )(f)(x) := 
e-' lke - x R + (k 2 )(e lke - { -\f(-))(x) . By Cauchy-Schwartz inequality: 



WiqRsik^y-^q)^ < \\ q \\ L 4Rg(k 2 )(qRe(k 2 )y- 2 (q)\\ L , , (38) 

and applying successively the estimate for the resolvent given by lemma 3.4 in |R1| and the following 
inequality for Sobolev spaces due to Zolesio (see [Gj and also Section 3.5 in [T]): 

||uv||w*3.1>(R«) < ||w||vK s l.Pl(R")l|w||w s 2,P2(R") , 

where si,s 2 ,s 3 > , s 3 < si , s 3 < s 2 , s\ + s 2 - s 3 > n (± + i - A J > and pj > p , j = 1, 2 , 
one can prove that 

\\Re{k 2 ){ q R e {k 2 )y- 2 {q)\\ L , < Ck' 1 ^ ||g||£ a , (39) 

where 



10' -2) + |(i - 1), if*<i, 



(i- 3)^ + 1 



if | < s < 1 



For all hj S M such that hj < ctj it holds 



\\QM\\ 2 w^,*<C2 



21 1, 



< C2 



21, , 



-t-oo 
°o 

2 

+ 00 



k 2h * +1 J s J\(qRe(k 2 )y- 1 (q)\\l im da(6)dk 



z, 2 ll9ll^- s .2 ' 



(40) 



(41) 



where we pass from (1401) to (|41"j) by formulae (|38l) and (|39|) . and the last integral in k is convergent 
because of hj < ctj . So, we get 

2 h i 



\\QM\\w^<G 



(42) 



Let £ = e(s, a) := (s + |) — a > . We have 



WQMWw* 



{i-m>c } 



<c^ ai \\Q 3 (q)\\ w ^ 



- C ^7T (t)~ c ?*~ ai M\»M&* = c( S) a) 2^ cr aj hh4Q\\^l, 

where last inequality follows from formula (1421) in the case hj — ctj — e . Since 

1 



a — a-i < s + — — ctj < 



if i < s < 1 



and 2^ < 2^' , if s < A and 2^ < 2^ , if ± < s < 1 , we obtain ([371). 



□ 
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With the notation from proposition 13.11 the Born series ^ allows us to write 

oo 

q B -q = T~ X (x* gT^g) + T~ X ((1 - X*) fe^g) = £ QM + ^ (i 1 ~ X*) qs^q) , 

where J 7-1 ^(1 — x*) qB — qj is C°° . If we choose Co large enough, for example, taking 

Co := max{10, 2i\\q\\^ 2 , 2* J + 1 , 

it is true that A(s, q,j) < +oo . From theorem [1] and |RV) we can write 

\\Q2(q)\\w^- <C\\q\\ w _ h2 \\q\\ Ws , 2 and (43) 

\\Qs(q)\\w«.* < o (hWh + l|g|Mlg||^, 2 ) \\q\\w>,* , (44) 

for all a < s + | , and we have proved that 

f^\\QM\\w*.*<C(s,a)C-> M ^f^ , (45) 
i=4 1-28C 4 ||q||^., 2 

if < s < i (for I < s < 1 , an analogous expression holds). We know that (|43t . (PPf]) . f4"5)) remain 
true if a = , obtaining the non-homogeneous Sobolev norm. We have finished the proof of theorem 

m 
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4. Appendix 

Let it be the following submanifold of R 2n V := {(77, G 1" x E™ : £ • (£ - rj) = 0} . Then V can 
be considered from the point of view of the following spherical sections: 

v = {(77, e) g R" xi":(e r(n)}, 

or the plane sections: V = {(77, £) G M™ x K™ : rj G A(£)} j where T(?7) and A(£) are defined in 
and ijHJ). In this context, the following lemma from |RVj allows us to change the order of integration 
in £ and rj . 

Lemma 4.1. Le£ V = {(77, £) G R n x R n : £ ■ (£, - 77) = 0}. Let da v (£) be the measure on T(rf) 
induced by the n-dimensional Lebesgue measure dt; and let da^(rj) be the measure on A(£) induced 
by the n-dimensional Lebesgue measure drj. Then 

\v\ 

da v (^)dT) = — do-£[r])d£. 



The following lemma in |RVj is used several times in this work. 



16 
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Lemma 4.2. Assume that the support of q is contained in the unit ball. Then we have 

1) // & r e R" satisfy |C - e\ < 3, then \q(0\ < CMqg) . 

2) \\q\\L~<C\\q\\v. 

3) For < /? < j and s € R, ||g||^s-/3,2 < C|| q|| w s > 2 > where C depends on the size of the support 
of q- 

We want to indicate a 

Definition. Let 1 < p < +oo. FFe define the weights class A p as i/ie set of the non-negative locally 
integrable functions w that satisfy the so-called condition A p , that is, that there exists a constant 
C > independent of x and r so that 



for all ball B centred at x € W 1 and radius r > . 

Indeed, next lemma l4~3l which is useful to bound the term Q'^q) , follows from estimates of the 
Hardy-Littlewood maximal operator and checking up on the function |ie| 2s belongs to the weighted 
class A2 in two dimensions if — 1 < s < 1 . 





The following lemma is fundamental to control the term Q'j(q) by the formula (p"2"|) . 



Lemma 4.4. Assume e > and k 6 {1, 2, ...} . Let us denote 



F k (r):= [ M 2 °- 3 + 2e f [ \q( V r' ?)\ 2 dv(>r>)M?)Mv) > 



^n fc (r) J Jl k ( V ) 



(4.1) 



(r) := / M 2Q - 3+2e / Mq(r) - 2r'fda{r') da(v) , 



(4.2) 



■/A(r) Jr( v ) 



G(r):= / H 2Q - 3+2e / |Af^-r')| 2 ^(r')da(r,), 



^A(t) J4>(r)) 



(4.3) 



where 



n*(r) :={»?€ A(t) : |»7 -t|>Ci2-*|»,|} , 

$(»?) := { t' € r(ij) : |r'| < 1} and A(r) := {r? G A(r) : |r?| > 10} , 



(4.4) 



(4.5) 



and J/j (77) is given in (|16[) . 77ien 
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(Hi) For any r€l 2 \ {0} such that |r| < 1 , and provided that < a + e < 2 : 

G(t) < C\\q\\% a _ 1+Ct3 . 

Remark. With respect to part (i) of this lemma, we need that < C\ < 2 , but in fact we always 
apply this lemma with C\ < 1 . Note that Fk (r) is uniformly bounded in k . 



Proof of (i) . For fixed t we set an orthonormal reference {ei, e 2 } of M 2 , for which r = |r|ei . We 
write J7(s) = |r|ei+se 2 ,seM. Let ft(s) := |j?(s)| = (|t-| 2 + s 2 )4 . Since \s\ = \r\(s)-r\ > C 1 2- k h(s) , 
we have \s\ > C\2~ k |r| . It is true that da(t](s)) = ds . We have 

F(r) = f (h(s)f 

J\s\>C 1 2- k \T\ 

Take the change of variables given by 



\2a-3+2e 



S Sn 



Ms)) 



\q(v(s) - r' - a 2 da(r')da(Ods . 



V(s) , h(s) , r)(s) h(s) 
v and t = — h 



u , 



2 2" """ ' 2 ' 2 
withu,ue 5" 1 . It holds that dcr(£') = Ch(s)da(v) and dcr(r') = Ch(s)da(u) . Since |»j(s)-$ / -r / | > 
, hence 1 + u ■ v > . It holds |it — v\ < 4 • 2~ fc . We write 



F(t) < C 



< C 



s 

J\s\>C 1 2- k \ 

S/»l>Ci 



(/»(*)) 



2a-l+2e 



(/>(*)) 



S 1 

2a-l+ 2 £ 



Aj J Aj 



2 



(m + u) 



(u + v) 



da(u)da(v)ds 



da(u)da(v)ds , 



where A(v, k) := {u <= S 1 : \u - v\ < 4 • 2~ fc and 1 + u • w > and {Aj : 1 < j < 2 k } 

is a cover with finite overlapping of the circumference S 1 . Each Aj has arc-length 2~ k . Also, 
Aj := {u e S 1 : \u — v\ < 4 • 2~ fc , 1 + u ■ v > , for some v e Aj} . Take the change of variables 
u(6) = cos#ei + sin0e 2 , 9 e [0, 2ir) , u e S 1 , with da(u(0)) = d6 . By Fubini's theorem, 



nr)<c^j f f 

~[JA j J| a |>Ci2-*|r| J{ 



_ (M*)r 

{# : it(S) G Aj } 



(m + u) 



d9dsda(v) . 



For any frozen j G Z with 1 < j < 2 k and « £ 4j, take the change of variables (s, 0) — > A 
(Ai, A 2 ) S M 2 given by 

A = -^W) + «) = -^((cosfl + Wl ) ei + (sin0 + v 2 )e 2 ) . 
It holds dsc?0 = | s ( 1+tt 4 ( 9 ). ^A • For any j > 1 , we consider the proper cone 

'w + f 



^ := i r 



: r < 0, v e Aj, u e Aj 



Since 1 + u(9) ■ v > C , h(s) ~ |A| . We know that for |s| > Ci2 _fe |T| we also have that \s\ > 
C(Ci)2~ k h(s) , o(Aj) ~ 2~ k and the family {Hj : 1 < j < 2 k } has finite overlap with constant 
independent of k . Then 



2^ 2^ 

F(T)<C2 k J2[ [ \X\ 2a - 2+2£ \qW\ 2 dXda(v)=Cj2 I \M 



2a-2+2e| ~ 



\q(Wd\ 



< C 



j 

Jr 2 



|A| 



2a-2+2e 



\q(X)\ 2 dX = C\\q\\ 
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□ 



Proof of (ii) . We follow the same lines of the previous point but now we do not need the finite 
overlapping cover for S 1 . The variable s takes real values in all the line. In the same way, take the 



change r' 
variables (s, 



Now dsdB = 4h = 



u , with u € S 1 and we parametrize u by 9 € [0, 2tt) . We take the change of 



A = (Ai, A 2 ) given by 

A = r}(s) — 2t'{0) = -\r}{s)\u{6) = -|?7(s)|(cos0ei + sin(9e 2 ) . 



(IX 



(lnWI 2 -|r| 3 )t 



, and |A| = |?7(s)| > |r| . So, we obtain that 



A:|A|>(l+|r|2)2} J{\:\t\<\\\<(1 + \t\2)2} 
Jl + J-2- 



|A| 



2a-2+2e 



Mq{\) 2 



(|A| 2 -|rP)l 

The first integral has no difficulties, indeed, J\ < C\\q\\ 2 ^ a _ 1+s 2 , by lemma POl provided that 
< a + e < 2 . By lemma l4~2| Mq(X) < C\\q\\i,2 and taking polar coordinates we get J 2 < 

C|MI£ 3 | 



|2ct-2+2e 



□ 

Proof of (in) . Let r be in R 2 \ {0} such that |r| < 1 . Following the same scheme as the 



last point, we parametrize the variable r\ by s G K , take the change t' = 



with 



u G 5 1 , and parametrize u by 6 (0, 27r] . Finally take the change (s, 0) — > A = (Ai, A 2 ) , given 
by A = T](s) — t'(9) — i [(|t| — \r)(s)\ cos£>)ei + (s — \r](s)\ sin#)e 2 ] . In this case, the Jacobian for 
this change is dsd9 = jj^ dAidA 2 ■ The condition |r|, |t'(#)| < 1 guarantees that the angle between 
t — r/(s) and t' (9) — •q(s) is uniformly bounded by an acute angle. Remember that \ri(s)\ > 10. 
So, |A 2 | ~ |A| . That condition also implies that a positive constant C < 1 exists such that |A| = 
\rj(s) - t'(9)\ > C\q\ , hence \rj(s)\ ~ |A| . It holds 

G(r) < C I \\r-^Mq{\f ^-<C ll^ 1 (Mq) \\% a _ 1+e , 2 , 

J{A6R 2 :|A|>C'} l A l 



□ 



and lemma I4T3I ends the proof. 

The following lemma becomes essential to bound the terms Q'j(q) in (l2"2"j) . 
Lemma 4.5. Let 



\V\ 3 JriM Jt( v ) 



(4.6) 



where T$(r)) is the annulus given by 

r 5 (ry) := 



T G 



V, \v\ 



<s\v\ 



T 2 

Then there exist So , C(6q) , /? so that So > , C(#o) > , /3 > 1 and /or any S with < S < So 



(4.7) 



?'/(<?) 



w«. 2 



<c(s )s^\\q\\ Wa ^, 2 (\\q\\ L 4q\\ w -i,* + 



\q\\h 



where a G R and e > satisfy that < a + e < 2 . 
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We omit the proof of this lemma. We know that dcr^(r) = lim — — - XTs(rt)( T )^ T > wnere da v (T) 

denotes the measure on T(rj) induced by dr. According to this, Q$(q)(r]) <~ 8Q'{q){rf) , if < 8 < 
So -C 1 ■ Heuristically the estimate for Q'g{q) is the one for Q'(q) multiplied by 8 . We have to pay 
with a fraction of derivatives in \\Q'{q) H^a.2 in order to gain the factor 8@ with j3 > 1 . So, the 
reader must not be surprised by the lemma whose proof follows the lines of the estimate of Q'(q) ■ 

Remark 4.1. If we substitute (14.61) for 



QiU^)fa):=X(*-sWM)Tl3 / / KtMv--r)h(T-t) MOdr, 

M 3 Jr s ( v ) Jt( v ) 

with f,g,h £ W s ' 2 and — 1 < s < 1 , just imitating the proof of the control of the spherical term 
Q'(q) , we get that there exist j3 > 1 and C(8q) > so that 



+ IWU 2 ll/llw<*-l+e.2] ; 

for any 8 such that < 8 < So . 

Lemma 4.6. Let a £ M and e > suc/i i/iat < a + e < 2 . Let f,g,h £ W s ' 2 for all s e K imt/i 
-1 < s < 1 . Let 

where Too (77) zs t/ie annulus given by (|21[) . Then there exists a constant C > suc/i </ia< 
\\Q:{q)\\w^<C[\\f\\ L A\g\\ L 4h\\ 

+ ||/||^- 1+e , 3 ||5|U2 llftH^l. 



Remark 4.2. Compare this lemma with remark to lemma 14751 when, morally, 8 ~ I??! -1 . Consider 
that we work with a similar term with an annulus with 8 ~ M -1 , but in the estimate we claim the 
same gain of derivatives as in remark [4. II 
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